
РОССИЙСКАЯ АКАДЕМИЯ НАУК 
ИНСТИТУТ ПРОБЛЕМ БЕЗОПАСНОГО 
РАЗВИТИЯ АТОМНОЙ ЭНЕРГЕТИКИ 

 

 

 

ТРУДЫ ИБРАЭ 
Под общей редакцией члена-корреспондента РАН Л.А. Большова 

Выпуск 2 
 

ЧИСЛЕННЫЕ ИССЛЕДОВАНИЯ 
ЕСТЕСТВЕННО-КОНВЕКТИВНЫХ ТЕЧЕНИЙ 

ЗАТВЕРДЕВАЮЩЕЙ ЖИДКОСТИ 
 

 Научный редактор доктор физико-математических наук В.Ф.Стрижов 
 

Издательство «Наука» 
Москва, 2007



УДК 621.039 
ББК 31.4 
         Т78 

 

Т78 Численные исследования естественно-конвективных течений затвердевающей жидкости/  
под науч. ред. докт. физ.-мат. наук В. Ф. Стрижова // — Труды ИБРАЭ РАН / 
под общей ред. чл.-кор. РАН Л. А. Большова. Вып. 2. — М: Наука, 2007. — 190 с. : ил. 
 

 
 

 
В результате проведенных авторами исследований получен ряд важных выводов и отмечены 
интересные закономерности, которые могут применяться при разработке упрощенных кодов для 
анализа отдельных стадий тяжелой аварии, при удержании расплавленных топливосодержащих масс 
внутри корпуса. 
Первая часть сборника посвящена изложению численных методов решения двумерных задач 
гидродинамики затвердевающей жидкости, а вторая – изложению результатов параметрического 
численного исследования основных закономерностей тепло- и массопереноса тепловыделяющей 
жидкости при удержании расплава корпусом реактора. Авторы акцентируют свое внимание на 
изучении основных закономерностей тепло- и массопереноса тепловыделяющей жидкости с учетом 
фазовых превращений с помощью применения вычислительного алгоритма, построенного на базе 
метода фиктивных областей в переменных “функция тока, завихренность”. Преимуществом 
используемого подхода является технологичность вычислений, позволяющая для решаемого класса 
задач в произвольных областях использовать унифицированный вычислительный алгоритм. 
Оригинальность и эффективность предлагаемого авторами подхода позволяет рекомендовать его для 
ознакомления с ним как научной общественности, занимающейся проблемами атомной энергетики, 
так и смежных с ней областей. 

 
 
Numerical Investigations of Naturally-convective Flows in Solidifying Liquid / Edited by Professor 
V. F. Strizhov // Proceedings of Nuclear Safety Institute RAS (IBRAE RAS) / Edited by corresponding member 
of RAS L. A. Bolshov. — Issue 2. — Moscow: Nauka, 2007. — 190 p.: illustrations. 
 

 
In the course of performed investigations several important outcomes were achieved and a series of 
interesting mechanisms were identified that may be of use while developing simplified codes for analysis of 
individual severe-accident phases for cases of retention of molten fuel-containing masses inside the vessel. 
The first section describes numerical methods for solution of 2D hydrodynamics problems for solidifying 
liquid, the second section provides the results of parametric numerical investigation of main heat- and mass-
transfer mechanisms of heat-generating liquid for the case of melt retention by reactor vessel. The attention 
is focused on studying major heat- and mass-transfer mechanisms of heat-generating liquid taking account of 
phase transitions through the application of a computational algorithm based on the fictitious-area method 
under “flow function, vorticity” variables. Effectiveness of calculations, being an advantage of the approach 
used, enables application of a unified computational algorithm within arbitrary areas for the category of 
problems under consideration. Owing to its originality and efficiency, the offered approach may be 
recommended to specialists of nuclear-power industry and adjacent areas. 

 

 
ISBN 978–5–02–036789–0 
 
© Институт проблем безопасного развития атомной энергетики, 2007 



 (  1) 

A Numerical Study of Natural Convection A Heat-Generating Fluid in Rectangular Enclosures 
V.V. Chudanov, P.N. Vabishchevich, A.G. Churbanov, V.F. Strizhov ...................................... 5 

Operator-splitting schemes for the stream function-vorticity formulation 
V.V. Chudanov, A. G. Popkov, A.G. Churbanov, P.N. Vabishchevich, M.M. Makarov .......... 17 

-
. . , . . , . . , . .  .......................................... 32 

. . , . . , . . ..................................................................... 46 

. . , . . , . . ..................................................................... 58 

/

. . , . . , . . , . . ........................................... 71 

 (  2) 

. . , . . , . .  .................................................................... 88 

–

. . , . . , . . , . . ....................................... 110 

. . , . . , . . ................................................................... 124 

 (  1) 
. . , . . , . .  .................................................................. 141 

 (  2) 
. . , . . , . .  .................................................................. 159 

–

. . , . . , . . ................................................................... 173 





A Numerical Study of Natural Convection A Heat-Generating Fluid in Rectangular Enclosures 
V.V. Chudanov, P.N. Vabishchevich, A.G. Churbanov, V.F. Strizhov 

 5

(  1) 

A NUMERICAL STUDY OF NATURAL CONVECTION  
A HEAT-GENERATING FLUID IN RECTANGULAR ENCLOSURES 

V.V. Chudanov, P. N. Vabishchevich, A.G.Churbanov, V.F. Strizhov  

Introduction 
Many problems of practical interest deal with 
buoyant flows in enclosures. Flows driven by 
temperature gradients have been studied exten-
sively in many experimental and computa-
tional works. A comprehensive survey on this 
subject has been presented by Ostrach [1]. 
A more complicated situation, where there are 
volumetric energy sources in cavities with iso-
thermal and/or adiabatic rigid walls, is very 
important for applications. In the present work 
the peculiarities of laminar convective heat 
transfer in a heat-generating fluid layer are ex-
amined numerically with particular emphasis 
on nuclear reactor safety analysis. This prob-
lem has various formulations from the view-
point of geometry of the domain under the 
consideration (cylindrical, hemispherical, hori-
zontal layer, etc.) as well as in terms of impos-
ing boundary conditions (isothermal or adia-
batic). A comprehensive review of different 
formulations and the results obtained is pre-
sented in ref. [2]. Some preliminary results 
have been obtained by the authors of the pre-
sent work for cylindrical and hemispherical 

enclosures [3]. In the present work this prob-
lem is considered for an enclosure of a rectan-
gular section with uniform isothermal or ther-
mally insulated rigid walls. Such a formulation 
agrees with the measurement conditions [4-7], 
as well as with the formulation of numerical 
[8, 9] and combined numerical-experimental 
[10] works, that allows to employ some results 
of these researches for the verification of accu-
racy of the mathematical model used in our 
calculations and for the validation of predic-
tion reliability. 
The urgency of the problem is conditioned by the 
necessity to predict correctly the behaviour of a 
molten heat-generating corium for various scenar-
ios of hypothetical accidents at a Pressurized Water 
Reactor (PWR). The situation, where a molten co-
rium flowed down to the bottom of a PWR vessel 
and a buoyancy-driven corium flow occurred there, 
can be considered as an example of such scenarios. 
The scenario of the accident at the Three Mile Is-
land NPP in the USA developed approximately in a 
similar way. 

Governing Equations 

Laminar natural convection of a heat-generating 
fluid with uniform volumetric energy sources is 
governed by the energy equation and the un-
steady Navier-Stokes equations with the Bous-

sinesq approximation for buoyancy. In the tem-
perature-vorticity-stream function formulation 
for the 2D case these equations can be written in 
the following dimensionless form: 

2 2

2 2

1 1
Pr

u v
x y x y

 (1) 

2 2

2 2 Pr
u v Ra
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2 2

2 2x y
 (3)

u v
y x

 (4) 

Here , , ,u  and v  stand for the dimen-
sionless temperature, vorticity, stream func-
tion, horizontal and vertical velocity compo-
nents, respectively; ,x y  are dimensionless 
cartesian coordinates and  is the dimen-
sionless time. Next, Pr  is Prandtl num-

ber; 5Ra g sH k  is the modified 

Rayleigh number, based not on the reference 
temperature difference but on the volumetric 
heat generation value, since the temperature 
difference is unknown apriori in this problem. 
Uniformly distributed internal heat sources are 
considered in the problem. Normalization is 
done here via the cavity height H , the ki-
nematic viscosity  and the value 2sH k ,
proportional to a temperature difference. 

Three-dimensional and turbulent effects are 
neglected in this study. 
A flow domain is an enclosed rectangular cav-
ity with the fixed rigid walls and the following 
boundary conditions: 
no-slip, no-permeability conditions for the ve-
locity vector; 

0 0
n

 (5) 

isothermal or adiabatic thermal conditions; 

0 0or
n

 (6) 

where n  denotes the normal to the corre-
sponding wall. 
From equations (1–4) at prescribed boundary 
conditions and the aspect ratio we can obtain 
numerical solutions for various Rayleigh and 
Prandtl numbers. The quiescent state 

0  was used as the initial condi-
tion for the time integration in all predictions. 

Numerical Method 
A common drawback of most commonly used 
numerical algorithms based on the stream 
function-vorticity formulation is an explicit 
evaluation of the vorticity on no-slip rigid 
walls that induces an essential restriction on a 
time-step [11]. To solve equations of convec-
tive heat transfer (1–4) with boundary condi-
tions (5–6), a new efficient finite-difference 
technique [12, 13] has been developed and 
employed. Let us briefly discuss its primary 
merits. A new additive implicit difference 
scheme based on the operator-splitting tech-
nique [14, 15] has been developed and ap-
plied in the present study. Boundary values of 
the vorticity are calculated fully implicitly in 
this approach. The scheme is unconditionally 
stable for linearized equations, i.e. a time-step 
does not practically depend on a spatial grid 
and is evaluated only from the temporal accu-
racy constraint for nonlinear phenomena con-
sidered. Further, convective terms are ap-
proximated via special second-order formulae 
based on the central differences. Doing so, we 
can obtain accurate results on enough coarse 
grids. And finally, in our predictions we em-
ploy modern high-performance iterative 

solvers of preconditioned conjugate gradient-
type which have a very high convergence rate 
and are capable to solve equations without the 
diagonal dominance. All these peculiarities of 
the numerical method provide a possibility of 
solving complex transient physical problems 
on personal computers such as IBM AT 486. 
More details of the method are available in 
[12, 13]. 
The uniform grid used in calculations was 
40  40 steps for H/L = 1 and increased in 
the horizontal direction in proportion to en-
larging the rectangular cavity in this direc-
tion. The sufficiency of grids employed in 
our predictions was validated via preliminary 
comparative calculations on more fine grids 
derived by means of division in two (for in-
stance, 80  80 and 160  160 grids have 
been used in the grid validation procedure 
for a square cavity). Steady-state solutions 
(if they exist) have been obtained as a limit 
of a time-evolution process. The temporal 
accuracy of periodic solutions was verified 
on predictions with various time-steps.  
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Results and Discussion 

Free convection of a heat-generating fluid has 
been studied extensively in a great deal of ex-
perimental [4-7] as well as numerical [8-10] 
works. Data presented in them have been used 
where it was possible to verify our mathemati-
cal model and numerical results. A compre-
hensive verifying and validation of our nu-
merical method on the problems with internal 
heat sources as well as the further parametrical 
investigations have been performed for rec-
tangular enclosures in the following range 
of parameter values:  

Rayleigh number: 5 810 10Ra ;

Aspec ratio: 0.25 1H L .
The Prandtl number was fixed in all calcula-
tions Pr = 7. Various thermal boundary condi-
tions have been considered: the case with all 
isothermal walls; next, configuration with iso-
thermal horizontal and adiabatic side walls; 
and finally, the variant with isothermal top and 
insulated others surfaces was investigated, too. 
The range of parameters considered in our 
predictions is very close to regimes studied 

experimentally in [4, 6, 7, 10] for salted water 
heated by an alternating electric current. 
At the beginning of this work a verification 
of the developed numerical method has 
been made on the basis of experimental and 
calculated data for the given class of prob-
lems. Detailed measurements [7] and calcu-
lations [9] form the basis for such a com-
parison. These results have been obtained 
for the cavity of the square section (aspect 
ratio equals to 1) with all four isothermal 
rigid walls. It should be noted, that the fol-
lowing relations take place due to some 
distinction in the normalization procedure: 
Ra[7,9]=Ra/64,  [7,9]=8  and Nu[7,9]=4Nu. 
The chosen range of Rayleigh numbers corre-
sponds to laminar steady or unsteady periodi-
cal flow regimes. 
The results of calculations are given in Figures 1-13 
in the following form. Flow patterns and tempera-
ture fields are presented via streamlines and iso-
therms, respectively. The contour values are de-
fined equidistantly between the function extre-
mums as follows (for instance, for the stream 
function):

max max min 1 1,i m i m  (7) 

As a rule, the isolines number m  was equal to 
18 for the stream function and 8 for the tem-
perature. As for temporal histories for the heat 
transfer process, in the plots there are shown 
the maximum temperature max  and the aver-

age Nusselt number Nu for the corresponding 
surface, defined as: 

0
1 /

L
Nu L Nudl  (8) 

where l denotes the x- or y-coordinates along 
the corresponding wall. 
Figure 1 presents the calculated steady-state 
regime for 56.4 10Ra . A fluid circulates 
in the square cavity as two symmetrical coun-
ter-rotating rolls, moving upward at the center 
of the cavity and downward near the cold side 
walls. Two local maximums of the temperature 
are shifted upward to the side walls. 
As it was obtained in the previous works, the 
structure of thermal and hydrodynamic fields 

becomes more complicated with the increase of 
Rayleigh number up to 6102.3  (see Fig. 2). 
Two additional secondary vortices occur near the 
top wall that leads to the appearance of a down-
ward-moving flow near the centerline in the vicin-
ity of the upper surface. Such a change of the ver-
tical velocity sign at [9] data. Due to the four-
vortex structure of the flow, two local maximums 
of the predictions [9], but has not been the upper 
surface. Moreover, the flow in such a regime be-
comes periodically oscillating, temperature occur 
in the flow bulk and two maximums of thermal 
flux appear at the what can be clearly seen in our 
calculations. This fact has also been obtained in 
centerline in the upper part of the cavity for this 
Rayleigh number is confirmed by experimental  
[5, 7] as well as numerical observed in measure-
ments [7]. Instantaneous flow patterns and thermal 
fields are depicted in Fig. 2 for two moments of 
the period. One of them demonstrates practically 
symmetric solution whereas the second shows 
that symmetry is disturbed in the vicinity of 
the upper surface due to shifting of secondary 
vortices in the upper part of the cavity. 
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Fig.1. Steady-state flow pattern and thermal field, 5104.6Ra

Fig. 2. Periodic oscillations, Ra = 6102.3
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Time variations of the temperature maximum 
and average Nusselt numbers through the top 
and left surfaces of the cavity for this Rayleigh 
number are shown in Fig. 3. A comparison 
with similar periodic results [9] demonstrates a 
good agreement in the character of oscillations, 
but our results provide a lager period value and 
a smaller oscillation amplitude. At the same 

time time-averaged values of max  obtained in 
our predictions are more close to experimental 
data (discrepancy is less than 3%), than the 
above mentioned calculations. It should be 
noted, that with increasing Rayleigh number 
the value of max  is reduced. 

Fig. 3. Temperature maximum and Nu  through the top and left surfaces vs. time, Ra = 6102.3
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Oscillations become more pronounced at 
higher Rayleigh numbers. Starting from 
Ra = 108 the flow becomes random fluctuat-
ing (see Fig. 4), that indicates possible 
transition from the laminar to turbulent 
regime. The range of Rayleigh number for 

the steady-state flow regime as well as for 
the periodic one were found to be practi-
cally the same that have been obtained 
numerically in ref. [2] for a hemispherical 
cavity of the unit radius. 

Fig. 4. Random fluctuating solution, Ra = 108

Similar results have been obtained for lower 
aspect ratio cavities, too. At low Rayleigh 
numbers a flow is also steady-state and shows 
the two-cell symmetric structure, but the val-
ues of the temperature maximum and average Nus-
selt numbers are higher in compare with the square 
cavity. With increasing Rayleigh number peri-
odical oscillations of all basic parameters oc-
cur again. At the same time, for both 

5.0LH  and 0.25 the transition to periodic 
oscillations and to random fluctuations 
comes even at 5105Ra  and 710 , re-
spectively, i.e. these two critical values of 
Rayleigh number are both lowered ap-
proximately by a factor of 10. The oscillat-
ing flow for 5105Ra  and 5.0LH  is 
shown in Fig. 5. 
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Fig. 5. Slightly-oscillating regime, Ra = 10×105

There are only two slightly-oscillating vor-
tices in this case, that provides practically 
constant max  but periodically varying av-
erage Nusselt numbers for the upper and 
left surfaces (see Fig. 6). At higher Ra

values two main vort ices break down 
into a  mul t icel lular  s t ructure due to  a  
cavi ty  low aspect  rat io that  i s  typical  
for  f ree convect ion in  thin layers .   

Fig. 6. Temporal variations of thermal parameters, Ra = 10×105
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Figure 7 presents such a multicellular structure of 
the oscillating flow in the cavity with aspect ratio 

25.0LH  and 610Ra . The main tendency 
of the heat transfer evolution is conserved: with 
increasing Rayleigh number the average Nusselt 
number through the upper surface also increases 
but the maximum temperature value decreases.  

The cases of two (side) and three (side and lower) 
adiabatic boundaries have been also  

studied for the aspect ratio equals to 0.5. The 
main regularity for both these formulations 
is the same as it was found for the previous 
(isothermal) case with this aspect ratio. 
Namely, starting from 5105Ra  thermal 
and hydrodynamic fields become periodi-
cally oscillating, whereas the random fluc-
tuation regime begins at 710Ra . However, 
oscillations observed with these boundary 
conditions are much weaker. 

Fig. 7. Multicellular oscillating regime,Ra = 106

The steady-state solution for the cavity with 
two thermally insulated sides at 510Ra  is 
presented in Fig. 8. The solution is fundamen-
tally different kind from the same regime with 
all isothermal boundaries (see Fig. 5 with close 
Ra value for a comparison). There are already 

four vortices in this flow pattern. Moreover, a 
fluid circulates in diametrically opposite direc-
tion: downward at the symmetry line and up-
ward between large and small rolls (it is 
clearly visible from the isotherm structure).  

Fig. 8. Steady-state solution for adiabatic sides, Ra = 105
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Very weak oscillations occur at 5105Ra , i.e. 
the solution is practically quasi-steady with the 
structure depicted in Fig. 9. This prediction is in a 
good agreement with data of computational and 
real experiments [10] obtained for 5107Ra .

Only at 610Ra  oscillations become more pro-
nounced (see Fig. 10, 11) due to the fact that con-
vective motion is decomposed into evolving vorti-
cal cells of different size. 

Fig. 9. Weak oscillations, Ra = 5×105

Fig. 10. Oscillating heat and fluid flow, Ra = 106
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Fig. 11. Time variations of heat transfer, Ra = 106

It was found that the further change of thermal 
conditions at the bottom into adiabatic ones 
slightly smoothes the spatial nonuniformity of 
the hydrodynamical field (decreases the number 
of vortices), but as a whole it does not affect 
considerably the main features of convective 
heat transfer. 

A typical solution for this problem is de-
picted in Fig. 12, 13 for Ra = 106. Ob-
viously, the further reduction of oscillation 
amplitudes take place for thermal parameters 
in this flow regime in compare with similar 
predictions with two adiabatic sides  
(see Fig. 10, 11). 

Fig. 12. Oscillations for adiabatic sides and bottom, Ra = 106
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Fig. 13. Histories of the heat transfer process, Ra = 106

Conclusions

New numerical algorithm developed by the 
authors to solve convective heat transfer 
problems demonstrates high accuracy and 
efficiency properties when applied to prob-
lems with internal heat generation. A com-
prehensive comparison with numerical and 
experimental results of various authors in-
dicates that with the help of this method it 
is possible to obtain correct numerical re-
sults for this very important class of ther-
mal problems. New temporal and spatial 
dependencies of heat transfer are obtained 
on the basis of this method for a rectangu-
lar cavity with a heat-generating fluid in a 
wide range of thermal and geometric pa-
rameters. For various aspect ratios the 

ranges of Rayleigh number are obtained for 
steady-state and oscillating flow regimes. 
It was found that a flow in a square cavity 
becomes periodically oscillating at 

6102.3Ra  and random fluctuating at 
810 , respectively. With decreasing the as-

pect ratio up to 0.25 the critical Rayleigh 
numbers corresponding to the transition to 
the periodical regime as well as to the ran-
dom fluctuation one are both reduced ap-
proximately by a factor 10. Change of 
boundary conditions at sides and bottom 
from isothermal into adiabatic lead to some 
depressing of oscillation amplitudes, but 
provide the same ranges of Rayleigh num-
ber for steady and periodic regimes.
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OPERATOR-SPLITTING SCHEMES FOR THE STREAM  
FUNCTION-VORTICITY FORMULATION 

V. V. Chudanov, A. G. Popkov, A. G. Churbanov, P. N. Vabishchevich, M. M. Makarov 

1. Introduction 

The stream function-vorticity variables are in 
general use for the numerical simulation of 
incompressible flows (see e.g. Refs [1-3]). 
There do exist pro and con arguments in 
using such a formulation, but evidently this 
approach seems to be suitable and efficient 
enough for two-dimensional flow predic-
tions in simply connected calculation do-
mains.
At the present time, there is a variety of nu-
merical studies on the basis of this formulation 
with emphasis on the approximation of con-
vective terms and the implementation of the 
boundary conditions. Different upwinding 
strategies developed to derive monotone high-
accurate approximations of convective terms 
have been described by Roache [2]. As for the 
issue of the vorticity evaluation at rigid walls, 
the mathematical problem is concerned not 
only with constructing correct and accurate 
approximations of the boundary conditions, 
but also with their implicit implementation in 
time-dependent computations (a non-iterative 
implementation for steady-state equations, re-
spectively). In most cases the vorticity at the 
walls is evaluated separately from the internal 
points via special explicit formulae [2, 3]. 
Even though the vorticity transport equation is 
calculated in an implicit way, such an uncou-
pled treatment of the boundary values neces-
sarily leads to a strong time-step restriction 
similar to the stability limit of the explicit 
scheme for the diffusion equation. To imple-
ment the boundary conditions implicitly, we 
have to consider both no-slip and no-
permeability conditions as the boundary condi-
tions for the stream function. Then we have to 
solve the vorticity transport and stream func-

tion equations in a coupled manner (as 
e.g. in [4]) or to eliminate the vorticity and 
turn to a single nonlinear biharmonic equa-
tion for the stream function (see e.g. Refs 
[1, 5-9]). In both cases a solution procedure 
becomes much more complicated and less 
flexible to modifications. 
In the present work, a new efficient class of 
difference schemes is developed for two-
dimensional time-dependent problems of a 
viscous incompressible fluid in the stream 
function-vorticity formulation. Starting from 
the stream function formulation, an appropriate 
operator-splitting scheme (Douglas-Rachford 
type) is constructed and only then the vorticity 
is introduced into the derived two equations in 
order to reduce them to the equations with sec-
ond-order derivatives only. Doing so, we ob-
tain an uncoupled solution procedure for the 
stream function-vorticity variables with the 
fully implicit implementation of the boundary 
conditions. The schemes are unconditionally 
stable (in linear sense), i.e. the time-step is 
practically independent of the spatial grid. The 
only restriction exists due to the nonlinearity of 
convection problems. Transition to the next 
time level in these linearized schemes involves 
the solution of linear elliptic equations for the 
vorticity and stream function. New skew-
symmetric second-order approximations are 
developed for the convective terms. For any 
time-step used, an a priori estimate is valid 
for the discrete solution, similar to that ob-
tained for the original continuous differential 
problem. A lid-driven cavity flow has been 
predicted to examine stability and accuracy of 
the schemes for Reynolds number 100, 400, 
1000 and 3200 on the grids with 41  41 and 
81  81 points. 



-
.  2 

18

2. Governing Equations 

Let us consider a time-dependent incompressible flow in a 2D rectangular cavity 

1 2, ,0 , 1,2x x x x x l .

Such a flow is governed by the following momentum equation: 

( ) , ,v V v v grad p v f x t
t

Tt0,x , (1)   

and the incompressibility constraint: 

0, ,0div v x t T . (2) 

Here v = ),( 21 vv  is the velocity vector, p—the pressure normalized with respect to the density, 
V(v)—the convective transport operator, —the kinematic viscosity, —the Laplace operator and 

t,xf —the vector of volumetric forces. 

The cavity boundary is assumed to be rigid and fixed, so the no-slip and no-permeability condi-
tions are imposed: 

( , ) 0, ,0v x t x t T .  (3) 

The quiescent state is considered as the initial condition: 

( ,0 ) 0,v x x . (4) 

The problem (1–4) provides the complete description of fluid motion in  at any time moment t>0.
To reduce the number of the dependent variables, let us introduce the new ones. The velocity 

components can be expressed via the stream function ,x t as follows: 

1 2
2 1

,v v
x x

, (5) 

and hence, the incompressibility constraint (2) holds identically. Next, for the vorticity we have: 

2 1

1 2

v v
x x

. (6) 

Taking into account definitions (5) and (6), the momentum equation (1) can be rewritten as the vortic-
ity transport equation: 

,V v x t
t

, ,0x t T , (7) 

where 2 1 1 2f x f x . For the stream function we obtain the Poisson equation: 

, ,0x t T . (8) 

This system of equations is complemented by the boundary and initial conditions: 
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,0,x t Ttt
n

0,x,0,x , (9) 

x,00,x . (10) 

where n  stands for the outer normal vector. 
Eliminating the vorticity from the couple of equations (7), (8), we derive a single fourth-order 

equation for the stream function: 

2 ,VV v x t
t

,0x t T . (11) 

In equation (7) [or (11)] the convective terms may be written in different ways. For example, we can 
introduce the following divergence form of the convective terms: 

2

1
( )V v V v , V v v

x
, 1,2  (12) 

and using definition (5) we get: 

1 1
1 2

V v
x x

, 2 2
2 1

V v
x x

. (13) 

For this definition of the convective terms we have the following fundamental property: 

, 0V v . (14) 

For the problem (7–10) [or for (9–11), that is equivalent in the continuous case] with (14), we shall 
derive a simple a priori estimate of the kinetic energy integral. Let 2LH  be a Hilbert space 
with the norm || • || and scalar product ( , ). Multiplying equation (7) by  term-by-term, we get 

2 21 2
2

d grad f grad
dt

.

Hence the inequality 

0
 ( , )  ( ,0 ) 2 ( , )

t
grad x t grad x f x s ds  (15) 

holds. The estimate (15), which expresses boundedness of the solution of the differential problem, will 
serve as a check point in the construction of difference schemes. 
Formulation of convective terms should be given a special consideration (see e.g. Arakawa [10] or 
Gresho [11]). It is clear that different forms of convective terms are equivalent in the continuum case, 
but generally not equivalent in the discrete one. Aimed at using linearized schemes, we can employ 
neither the divergence form (12), (13) nor the advective (non-divergence) form due to the fact that the 
fulfilment of a discrete analog of property (14) is hardly expected. 
Using equations (5), (6) we can rewrite the convective terms as follows 

1 2 2 1 1 2 2 1

( )V v
x x x x x x x x
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2 1 1 2 1 2 2 1

1 1
2 2x x x x x x x x

.

Introducing the vector w 

1 2 1 2
2 1

, , ,w w w w w
x x

, (16) 

we can rewrite the convective transport of the vorticity as 

1
2( ) ( ) ( ) - ( )V v V w V w V w , (17) 

i.e., we treat the convective transport of the vorticity as an effective transport of the stream function. 
Doing so, we obtain the skew-symmetric form of the convective terms in the ( , ) variables. The 
skew-symmetric property is of great importance for a simulation to be numerically stable in time. In 
the primitive variables, the skew-symmetric form has been used, for instance, in the work by Zang 
[12] and the previous study of the present authors [13]. A similar form is derived here for the ( , )-
formulation. Really, in light of (12), the adjoint operator in (17) has the form 

v
2

1
V)v(V , x

vvV , 1,2

and corresponds to the non-divergence form of convective terms. Now with the operator formulation 
(16), (17), the fundamental constraint (14) is fulfilled for all vectors w. 

3. Discretization in Space 

To solve equations (7–10) [or (9–11)] approximately, difference methods are used. Let us introduce in 
 a uniform grid h h h  with steps 1h  and 2h . Let h  be the set of internal points, i.e. 

2,1,,1,,2,1,,,xx 21 lhNNihixxxh ,

and h —the set of the boundary points. We shall use the common index-free notation of the theory 
of difference schemes [14]. For the forward and backward difference derivatives we have, respectively 

( ) ( ) ,x
w x h w xw

h
( ) ( ) ,x

w x w x hw
h

1,2 .

The central differences are defined by: 

( ) ( )1 , 1,2
2 2x x x

w x h w x hw w w
h

.

Let us define the discrete Laplace operator on the set of grid functions Hy , which are equal to zero 
at the boundary: 
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2

1
, , 1,2x xy y y y . (18) 

The scalar product in the finite-dimensional grid Hilbert space H is defined as 

1 2, ( ) ( )
hx

y z y x z x h h .

The operator  in H  is selfadjoint and positive definite [14, 15], i.e. 0 .
In accordance with (16), (17) and using central difference approximations for derivatives, we ap-
proximate the convective terms as follows: 

2

1

( )V w V w ,

2 1 2
1

1 1
1
2 x x x x

V w w w ,

1 2 1
2

2 2
1
2 x x x x

V w w w . (19) 

For this approximation of convective transport we have 

, 0V w , (20) 

that means, that the operator V  is a skew-symmetric in H , i.e. V V . Moreover, both opera-

tors , 1,2V w , are also skew-symmetric. 

We shall use below the same notation for the discrete solutions as for the exact ones. Let us consider 
the following semidiscrete (continuous in time and difference in space) problem for biharmonic equa-
tion (11): 

2 ( ) ( , ),d V w x x t
dt

,0hx t T . (21) 

This equation is derived on the basis of second-order central differences and leads to the standard 13-
point stencil at the internal points of a spatial grid (see, e.g., Refs [1] or [5]). It should be noted that 
both Dirichlet and Neumann boundary conditions for the stream function are already substituted into 
this equation. Namely, the difference Laplace operator is defined on the set of grid functions, which 
are equal to zero at the boundary as it was already mentioned above. As for the additional term in the 
approximation of the biharmonic operator, it appears from the eliminations of the -values outside of 
the rectangle and nonzero boundary values of  and has the following form: 

2

1
( )x x ,
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4

0, ,
( ) 1,22 , , ,

h x l h
x

x h l h
h

.

It is clear that this grid function can be treated as the implementation of the common Thom approxi-
mation for the vorticity [2, 3], decomposed from the discrete biharmonic operator. Usually this for-
mula is derived from a Taylor-series expansion at the boundary and, for instance, can be written for 
the left wall as follows; 

2 1 22
1

20, ,x h x
h

. (22) 

Let us rewrite equation (21) in the following operator form, convenient for the further numerical im-
plementation: 

1 2 ,d A A
dt

 (23) 

where

2
1 2, ( )A A V w x E .  (24) 

and E  is the identity operator. Thus, in this equation we split the operators into two parts, where the 
first one is associated with diffusion whereas the second one is nothing but convection and the bound-
ary conditions. Due to the above mentioned properties (18), (20) and the peculiarities of the grid func-
tion x  we have that 1 1 0A A  and 2 0A  for any w. 

4. Time Discretization by Operator-Splitting 

To construct a difference scheme, let us intro-
duce a uniform grid in time with step 0 :

, 0,1, , ,nt t t n n N N T

and let ( )n ny y t .

The simplest difference schemes for (23), 
(24) are based on a natural linearization, 
when the operator V w  is determined by 
the solution at the previous time level. 
Due to the non-negativeness of opera-
tors A , 1,2 , various difference 
schemes based on operator-splitting tech-
nique (see e.g. Refs [14, 16] for general 
issues and [17] on applications to fluid 
dynamics) can be considered: factorized 
schemes, additive approximation schemes, 

etc., which are unconditionally stable in 
the case of splitting of the equation into 
two non-negative operators (it is the suf-
ficient condition of the scheme stability 
[14]). Here we shall use an extension of 
earlier proposed [18, 19] scheme that pro-
vides the implicit implementation of the 
boundary conditions. It should be noted 
that the viscosity is omitted below due to 
the normalization procedure. 
When a purely implicit factorized scheme 
(an analog of the Douglas-Rachford [20] 
scheme) is employed, we have at the first 
stage, in view of (24), the difference 
equation:
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21/ 2
1/ 2 ( ) ,n n

n n n n nV w x  (25) 

Thus, the convective transports as well as the 
data for the boundary conditions are taken 
from the previous time level. Substituting now 

the vorticity 1/ 2 1 / 2n n , equation (25) 
can be written as an equation for the vorticity 
transport:

1/ 2
1 / 2 ( )n n

n n n n nV w x  (26) 

The second stage consists in the correction in convective transport and the boundary conditions: 

1 1/ 2
1( ) 0n n

n n nx V w . (27) 

Finally, after evaluation of  at the new time 
level, in order to go to the vorticity transport 
equation (26), again, we have to calculate the 
vorticity at the internal points (via its definition 

) and on the boundary [by means of 
the Thom formula (22)]. The calculation pro-
cedure can be summarized as follows 

1. Initial values or the previous time 
level values are considered as the 
current ones.

2. The effective velocity w of the 
stream function convective transport 
is evaluated using its definition (16) 
via second-order approximations.

3. The intermediate values of the vor-
ticity are found as a solution of the 
selfadjoint elliptic problem (26). It 
should be noted that the sum of the 
third and fourth terms in this 
equation yields the standard Laplace 
operator with the nonzero boundary 
values of the vorticity which are 
known from the previous time level.

4. The new values of the stream func-
tion are evaluated from equation 

(27). In contrast to common solution 
procedures [2, 3], we have for the 
stream function the non-sefadjoint 
problem.

5. The new vcalues of the vorticity 
are calculated at the internal 
points (via its definition )
and on the boundary [through the 
Thom formula (22)].

6. Computations are directed to step 
2 and continued until it satisfies the 
required criteria. It should be noted 
again, that in this unconditionally 
stable (in linear sense) operator-
splitting scheme we essentially use 
the non-negativeness of operators A ,

1,2 . Othere ordinary 
approximations of the vorticity at the 
boundary (Jensen, Woods, etc., see 
[2, 3]) do not provide the necessary 
properties of these operators and so, 
they cannot be implemented in an 
implicit way on the basis of the 
present numerical procedure.

5. A Priori Estimate for the Discrete Solution 

Now we shall derive a proper estimate for the linearized diference scheme (25), (27). Let us define 
grid functions 1/ 2

/ 2 / 2n nz , 1,2 . Acting on (25) and (27) from the left by 1/ 2 , we get 

1/ 21 / 2
1 1/ 2 2 ,n n

n n n
z z A z A z  (28) 
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1 1/ 2
2 1 0n n

n n
z z A z z , (29) 

Where 1/ 2 1 / 2 0,A A 1,2 , 1/ 2
n n .

Let us rewrite equations (28), (29) into the form  

1 1/ 2 2 ,n n nE A z E A z  (30) 

2 1 1/ 2 2n n nE A z z A z . (31) 

The right-hand side of (31) can be transformed, in view of (30), as 
1 1

1/ 2 2 1 / 2 2 22 2n n n n nz A z z E A z E A z

1 1 1
1/ 2 2 1 1 / 22 2 2n n n nz E A z E A z

1 1 1
2 1 1/ 22 2 2n n nE A z E A z .

The substitution into (31) gives 

1 1
2 1 2 1 1/ 22 2 2n n n nE A z E A z E A z . (32) 

For any operator 0S , there takes place an estimate 

ySEySE ,

hence, from (30) we have 

1 1/ 2 2n n nE A z E A z ,

and then from (32) it follows 

1 1
2 1 2 1 1/ 2 22 2 2n n n n n nE A z E A z E A z E A z .

Fig. 1. Flow pattern for Re = 100 predicted on various grids: (a) 41  41, (b) 81  81 
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Fig. 2. Flow pallern for Re = 400 predicied on various grids: (a) 41  41, (b) 81  81 

Thus, for difference scheme (28), (29), validity of the estimate  

1 / 2
2 1 2n n nE A z E A z  (33) 

has been shown. This leads to the following estimate: 

1 1
2 1 2( ) ( )n n n nE A t E A t  (34) 

The estimate (34) was obtained without any restrictions on grid parameters, and can be regarded as a 
difference analog of a priori estimate (15). It should be noted that the estimate obtained here is 
similar to those derived in [21, 22] for shcemes in the primitive variable formulation. 

6. Nonlinearity Predictor 

Based on scheme (25), (27), various linearized difference schemes can be constructed, aimed at 
achieving accuracy with respect to time, consideration of nonlinearity, etc. As an example, let us con-
sider a scheme with an additional explicit predictor on nonlinearity. In this case, at the first (predictor) 
stage the vorticity is evaluated via the explicit scheme 

1/ 2 ( )n n
n n n n nV w x . (35) 

This solution is used then in the computation of the convective transport, when the equation 

21/ 2
1 / 2 ( )n n

n n n n nV w x

is used instead of (25). The additional computation work involved in (35) is insignificant. At the same 
time, one can expect that such a modification of the scheme allows for larger time-steps to be used. 
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7. Numerical Results 

To study the features of the developed schemes, a lid-driven cavity flow of an incompressible fluid has 
been considered for a wide range of Reynolds numbers. Abundant data have been accumulated on the 
numerical solution of this problem [7, 23]. The benchmark solutions of Ghia el al. [23] obtained on 
the fine grid of 257  257 points have been used for a comparison. Another application of the scheme 
is presented in [24].  

The vorticity transport in the unit square 1, 1,2l  is governed by the equation 

1 0
Re

V v
t

, ,0x t T ,

where Re is Reynolds number. Let  stand for the part of boundary  where 12x  (the upper 
side of the square ). In the problem at hand, the second boundary condition (9) is non-
homogeneous: 

, 0, \ , , 1, , 0x t x x t x t T
n n

.

Fig. 3. Flow pattern for Re = 1000 predicted on various grids: (a) 41  41, (b) 81  81 

Systems of grid equations were solved in our calculations using the following iterative solvers [25]: 
modified incomplete Cholessky-conjugate gradient method (ICCG) for the symmetric vorticity equa-
tion (26) and preconditioned conjugate gradient method [ORTHOMIN(l)] for the unsymmetric equa-
tion (27) of the stream function. A very efficient implementation of these popular methods (Refs [26, 
27]), designed on the basis of recent developments in this field, has been employed in our predictions. 
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To obtain steady-state solutions, the following criterion for the calculation termination has been used: 

1 1n n n n

,

where  was as low as 510 . The quiescent state was used as the initial condition for the time integra-
tion. All predictions have been performed on a personal computer IBM PC 486. 

Figures 1-4 demonstrate the calculated flow patterns plotted equidistantly with constant but different 
intervals  for the positive and  for negative values of the stream function, respectively. In 
these figures the results have been obtained on the uniform grids 41  41 and 81  81 [parts (a) and (b) 
of each figure, respectively] and Reynolds numbers Re = 100, 400, 1000 and 3200. It was found that at 
high Reynolds numbers the flow structure is predicted unsatisfactorily if a coarse grid is employed 
[see Fig. 4(a)]. 

Fig. 4. Flow pattern for Re = 3300 predicted on various grids: (a) 41  41, (b) 81  81 

The corresponding minimum and maximum values of the stream function are listed in Table 1 ( min  as 
a numerator, max  as a denominator). The benchmark solutions of Ghia et al. [23] are also presented 
here for a comparison. It is easy to see that our numerical results indicate a good enough agreement with 
the high-accurate benchmark solutions of Ghia el al. 

Table 1. 
Re

Grid
100 400 1000 3200 

41  41 -0.102032
0.000018

-0.106527
0.000808

-0.100467
0.001867

-0.069090
0.002083

81  81 -0.103125
0.000014

-0.112209
0.000683

-0.114915
0.001777

-0.111123
0.002567

Ghia -0.103423
0.000012

-0.113909
0.000642

-0.117929
0.001751

-0.120377
0.003140

Methodical computations have been performed to reveal the quality of the proposed difference 
schemes in predicting essentially nonstationary flows. For this purpose the problem of the flow evolu-
tion has been considered for a cavity with a suddenly moved upper lid. The time-evolution of the ini-
tial state was observed until the steady-state regime. The flow patterns for this problem with Re = 400 
are depicted in Fig. 5 for four different time moments: (a) t = 1.25, (b) t = 2.5, (c) t = 5, (d) t = 10. 
The results corresponding to Re = 1000 are shown in Fig.6 at the same time moments. Computations 
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were done on the grid 81  81 with time step  = 0.01. The minimum and maximum values of the 
stream function are listed in Table 2.  

Fig. 5. Flow pattern for Re = 400 at different time moments: (a) t = 1.25. (b) t = 2.5 

Fig. 5. Flow pattern for Re = 400 at different time moments:  (c) t = 5, (d) t = 10 

The advantages of the scheme with a predictor on nonlinearity are illustrated by the character of de-
pendence of | min | on time. This dependence is shown in Fig. 7 for the problem with Re = 
400, solved on the grid 41  41 with various time steps. It can be seen that for 0.075 within the 
considered evolution period, the linearized scheme (25–27) fails to provide a correct solution. A 
smaller time step ( 0.05) was needed in this case. The scheme with a predictor as in (35) yields a 
qualitatively correct solution when the twice as large time step is used. The same conclusion can be 
deduced from the consideration of the problem with Re = 1000 (see Fig. 8). Usage of the finer spatial 
grid (81  81) shows the same tendency. It should be noted that the refinement of the spatial grid very 
slightly influences the admissible time step. 

Fig. 6. Flow pattern for Re = 1000 at different time moments: (a) t = 1.25. (b) t = 2.5 
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Fig. 6. Flow pattern for Re = 1000 at different time moments (c) t = 5, (d) t = 10 

Table 2. 
t

Re
1.25 2.5 5 10 

400 -0.052998
0.0000002

-0.071744
0.0000003

-0.089055
0.0000291

-0.104264
0.000503

1000 -0.039447
0.0000001

-0.058048
0.0000001

-0.077058
0.0000313

-0.095961
0.000670

Fig. 7. Histories of | min | for Re = 400 at different time steps: (1)  0.1, (2)  0.075, (3)  0.05, (4) 
0.1 (with nonlinearity predictor) 

Fig. 8. Histories of | min | for Re = 1000 at different time steps: (1)  0.075, (2)  0.05, (3)  0.025, 
(4)  0.075 (with nonlinearity predictor)
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Conclusions

The proposed schemes for solving the Navier-
Stokes equations in the stream function-
vorticity formulation indicate some undeniable 
merits. Among the principal ones, we empha-
size that they have the second-order accuracy 
in space. This is achieved by using a new 
skew-symmetric approximation of convective 
terms, based on usual central differences. Next, 
the fully implicit implementation of both no-
slip and no-permeability boundary conditions 
is constructed on the basis of the operator-
splitting technique. The proposed schemes are 
linear and the transition to the next time level 
is performed by solving elliptic problems. For 

the discrete solution, an a priori estimate of the 
kinetic energy integral is valid without any 
restrictions on the grid parameters. 

The schemes have been evaluated on test prob-
lems and proved their robustness and effi-
ciency. It was found that the time step is prac-
tically independent of the spatial grid parame-
ters. This is also true when nonuniform spatial 
grids are considered. Schemes with a predictor 
on nonlinearity have to be paid particular at-
tention. These schemes allow for a more accu-
rate consideration of nonlinearity in problems 
of an incompressible viscous fluid. 

References

1. T. Cebeci, R. S. Hirsh, H. B. Keller and P. G. Williams, Studies of numerical methods for the plane  
Navier-Stokes equations. Comput. Meth. Appl. Mech. Engng 27, 13 (1981). 

2. P. J. Roache, Computational Fluid Dynamics. Hermosa, Albuquerque (1982). 

3. R. Peyret and T. D. Taylor, Computational Methods for Fluid Flow. Springer, New York (1985). 

4. O. S. Mazhorova and Yu. P. Popov, On numerical methods for the Navier-Stokes equations.  
Z. Vych. Mat. Mat. Fiz. 20, 1005 (1980) (in Russian). 

5. P. J. Roache and M. A. Ellis, The BID method for the steady-state Navier-Stokes equations. Computers & 
Fluids 3, 305 (1975). 

6. Y. D. Schkalle, F. Thiele and H. Wagner, A numerical method to solve the steady-state Navier-Stokes 
equations for natural convection in enclosures. Recent Contributions to Fluid Mechanics (Edited by  
W. Haase), pp. 222-234. Springer, Berlin (1982). 

7. R. Schreiber and H. B. Keller, Driven cavity flows by efficient numerical techniques. J. Comput. Phys. 
49, 310 (1983). 

8. R. C. Mittal and P. K. Sharma, Fast finite difference solution for steady-state Navier-Stokes equations us-
ing the BID method. Int. J. Numer. Methods Fluids 7, 911 (1987). 

9. A. Lippke and H. Wagner, A reliable solver for nonlinear biharmonic equations. Computers & Fluids 18, 
405 (1990). 

10.A. Arakawa, Computational design of longterm numerical integration of the equations of fluid mo-
tion—1. Two-dimensional incompressible flow. J. Comput. Phys. 1, 119 (1966). 

11. P. M. Gresho, Incompressible fluid dynamics: some fundamental formulation issues. Ann. Rev. Fluid 
Mech. 23, 41. (1991). 

12. T. A. Zang, On the rotation and skew-symmetric forms for incompressible flow simulations. Appl.  
Numer. Math. 7, 27 (1991). 

13. A. G. Churbanov, A. N. Pavlov and P. N. Vabishchevich, Operator-splitting methods for the incom-
pressible Navier-Stokes equations on non-staggered grids. Part 1: First-order schemes. Submitted to Int.  
J. Numer. Methods Fluids. 



Operator-Splitting Schemes For The Stream Function-Vorticity Formulation 
V.V. Chudanov, A.G. Popkov, A.G. Churbanov, P. N. Vabishchevich, M. M. Makarov 

31

14. A. A. Samarskii, Theory of Difference Schemes. Nauka, Moscow (1989) (in Russian). 

15.A. Samarskii and E. Nikolaev, Numerical Methods for Grid Equations, Vol. 1, 2. Birkhauser Verlag, 
Basel (1989). 

16. G. I. Marchuk, Methods of Numerical Mathematics. Springer, Berlin (1982). 

17. M. O. Bristeau, R. Glowinski and J. Periaux, Numerical methods for the Navier-Stokes equations. Appli-
cations to the simulation of compressible and incompressible viscous flows. Comput. Phys. Reports 6, 73 
(1987). 

18. P. N. Vabishchevich, Numerical Methods for Free Boundary Problems Solution. Moscow Univ. Publish-
ers (1987) (in Russian). 

19. P. N. Vabishchevich, Implicit difference schemes for the unsteady Navier-Stokes equations in the stream 
function-vorticity formulation. DifferentsiaVnye Uravneniya 23, 1127 (1987) (in Russian). 

20. J. Douglas and H. H. Rachford, On the numerical solution of heat conduction problems in two and three 
space variables. Trans. Amer. Math. Soc. 82, 421 (1956). 

21. O. A. Ladysenskaya, The Mathematical Theory of Viscous Incompressible Flows. Gordon & Breach, 
New York (1969). 

22. R. Temam, Navier-Stokes Equations, Theory and Numerical Analysis. North-Holland, Amsterdam 
(1984). 

23. U. Ghia, K. N. Ghia and C. T. Shin, High-Re solutions for incompressible flow using the Navier-Stokes 
equations and a multigrid method. J. Comput. Phys. 48, 387 (1982). 

24. A. G. Churbanov, P. N. Vabishchevich, V. V. Chudanov and V. F. Strizhov, A numerical study on natural 
convection of a heat-generating fluid in rectangular enclosures. Int. J. Heat Mass Transfer 37, 2969 
(1994). 

25. L. A. Hageman and D. M. Young, Applied Iterative Methods. Academic Press, New York (1981). 

26. A. B. Kutcherov and M. M. Makarov, An approximate factorization method for solving finite-difference 
elliptic problems with mixed boundary conditions. In Numerical Methods in Mathematical Physics, pp. 
54-65. Moscow State Univ., Moscow (1984) (in Russian). 

27. O. P. Iliev, M. M. Makarov and P. S. Vassilevski, Performance of certain iterative methods in solving 
implicit difference schemes for 2-D Navier-Stokes equations. Int. J. Numer. Methods Engng 33, 1465 
(1992). 



-
.  2 

32

-

. . , . . , . . , . .

1.

-
-

-

 –  [1]. -

.

-

 " ,
, ".

-

" , , -
"  [2]. -

.
-

, -
-
,

, .
-
-

-
.

 [3–8]. 
-

: Ra = 105, 106, 107, -
 41  41, 81  81 ,

,  Ra = 107 -
 161  161. 

2.

-

.
,  — 

,
.

,  — .

1 2, ,0 , 1.2x x x x x l  — 

, -
. -

,
),( txu ,

u :

utxuxxtS ,,)( .

)(tS -
. )(tD ,

utxuxxtD ,,)( ,
,

DD0  — . -
.

- -
-

- .
21 ,v vv -

p  (
)



-
 . . , . . , . . , . .

 33

0,v v grad v grad p div grad v geu
t

 (1) 

1 2, , 0x x x D t T ,

g  — , u  — ,
 — ,  — ,  = (0, 1) — ,

.  (1) 

TtDx 0,,0vdiv . (2) 

,
, :

2

1

( ) ( ) 0u uc u u u v grad u k u
t x x

, (3) 

, 0x t T ,

u  — ,  — - ,  — 
. , -

-
.

D :

( , ) 0, , 0v x t x D t T . (4) 

, :

2 1
2

0, 0,1, 0 1u x x
x

. (5) 

, . .:

2 0 2 10, , , 1, ,u x t const u u x t const u . (6) 

, -

( ,0) 0, 0v x x D , (7) 

1 0 1( ,0) ,xu x x
l

. (8) 

,  (1)-(8) -
0t . -

 " , ".
,x t :



-
.  2 

34

1 2
2 1

,v v
x x

, (9) 

 (2) .

2 1

1 2

v vw
x x

. (10) 

21 , qqq )(qV , :

2

1

( )V q V q , (11) 

1 , 1.2
2

z zV q z q q z
x x

.

 (9–11)  (1) -

22

2
1 1

0w w uV v w Gr
t x x

, (12) 

, 0x D t T ,

 (1)-(8) 

3

2

l g uGr .

22

2
1

, , 0w x D t T
x

. (13) 

22

2
1

11 0
Pr

u uSte u u V v u
t x

, (14) 

, 0x t T ,

Pr  — , Ste = 0 1  — .

1 0 1u .

 (12)—(14) , -
 (4)—(8).  (4) 

, 0, , 0x t x D t T , (15) 



-
 . . , . . , . . , . .

35

, 0, , 0x t x D t T
n

, (16) 

n  — D .
 (7) 

,0 0,x x D . (17) 

, ,

0,1,1,0 22 t,xut,xu . (18) 

 ( . (5),(8)) .

3.

 (12–18) 
)(tD  [8]. 

-
. .

 — , , ,w u  — .
:

22

2
1 1

( ) 0w w uV v w c u Gr
t x x

 (19) 

22

2
1

w
x

, (20) 

22

2
1

11 0
Pr

u uSte u V v u
t x

. (21) 

( )c u

2

0, ( )
( )

\ ( ) .

u ux D t
c u

x D t u u

 (19–21) -
:

, 0, , 0x t x t T , (22) 

, 0, , 0x t x t T
n

, (23) 



-
.  2 

36

,0 0,x x , (24) 

2 20, , 1, 1, , 0u x t u x t , (25) 

2 1
2

0, 0,1; 0 1u x x
x

, (26) 

,0 0,u x x . (27) 

 (19–27) 
 (12–18)  D, . . , , , , 0x t x t x D t 0 .

4.

h h h

1h 2h , . h  — , . .

1 2, , , 1, 2, , 1, 1, 1.2h x x x x x i h i N N h , a h  — .

-
 [9]. :

( ) ( ) ,x
w x h w xw

h
1.2 ,

( ) ( ) ,x

w x w x hw
h

( ) ( )1 , 1.2
2 2x x x

w x h w x hw w w
h

.

y H , -
, :

2,1,,
2

1
xxyyyy . (28) 

H

1 2, ( ) ( )
hx

y z y x z x h h .



-
 . . , . . , . . , . .

37

, H  [10], . . 0 .

1 2 1 2
2 1

, , ,w ww w w w w
x x

. (29) 

V v w V w , (30) 

. .
. ,  w 

, 0V v w .

, .
 (11), (29), (30) :

2

1

( )V w V w ,

2 1 2
1

1 1
1
2 x x x x

V w w w , (31) 

1 2 1
2

2 2
1
2 x x x x

V w w w .

, 0V w , (32) 

. . H  V(w) V w V w . -

 V(v) -
.

 (19–20)  [11] 
- :

,Gr)()(w
1

2
xuucxV

dt
d

 (33) 

Ttx h 0, .

( )x -

2

1

( )x x ,

2,1,,,2
,,0

)(
4 hlhx

h

hlxh
x .



-
.  2 

38

, -
 (33) 

11 2 ,x
d A A Gr u
dt

 (34) 

2
1 2, ( ) ( )A A V w x c u E . (35) 

 V(w) ( . (32)),  (35) 1 1 0A A ,

2 0A  w. 

1 2 1 1 2 2, , , 1, 2, , 1, 0,1, , , , 1.2h x x x x x i h i N i N N h l .

, h ,
H

1 2 2, ( ) ( )
hx

y z y x z x h x ,

2 2 2( )x h 2 20 x l 2 2 2( ) 0.5x h 2 0x 2 2x l .

1 2 , hy y y x , (36) 

2

2 2

2

2 2

2 2 2

2 2

2

2 ,
0,

, 0 ,
.2 ,

x

x x

x

y
h x

y y x l
x l

y
h

 (37) 

' ',  (36), (37), -
 [10] ( 0 ).

,  (21) 

11 , , , ,
Pr

duSte u V v u u v x t
dt

 (38) 

, 0hx t T .

 (38) ,u - , . . - -

,u u , ,u u -

, 1
u

u
u u du .



-
 . . , . . , . . , . .

39

,u :

1 ,
, 2

0, ,

u
u

u

 — - . , ,v x t  (38) 
 (18) 

.

5.

0 :
, 0,1, , ,nt t t n n N N T

( )n ny y t .
 (33), (38) -

,

 V(w), V(v) — -
-

. -
-

 ( - ).

-
1/ 2 1/ 2n nw

1

21/ 2
1/ 2 1( ) ( ) ( ) ,n n

n n n n n n x hV w x c u Gr u x  (39) 

. . -

. -

 (39) -

1

1/ 2
1/ 2 1( ) ( ) ( ) ,n n

n n n n n n x h
w w V w w x c u Gr u x  (40) 

:

1 1/ 2
1( ) ( ) 0n n

n n n nx c u V w . (41) 

,
-

(40), -

 (41). 

:

1
1 1

11 , , , ,
Pr

n n
n n n n n n h

u uSte u V v u u v x t x .

 (39–41) 
-

, -
.



-
.  2 

40

6.

Ra = Gr = 765 10,10,10 r = 1 -
 41 41, 81 81 ( N =40,80 

( 21 NNN )).
. -

Ste = 0.25 
-  = 0.025. -

-
 — -
.

-
, -

-
, .

 1-3 -
,

:

mid  — 
,

max  — ,
,

1maxv  — -
,

2maxv  — 
,

1meltX  — 
,

2meltX  — 
,

3meltX  — 
.

 N = 40,80 ( 21 NNN ).

. 1-3 
,

81 81 . -
,  Ra = 710 r = 1 

 81 81
,

-
.

 1. Ra= 105

N
mid max 1maxv 2maxv

maxlNu
maxrNu 1meltX 2meltX 3meltX

40 8.280 9.218 30.73 51.90 3.776 3.253 0.500 0.750 0.850 
80 7.946 8.957 29.59 51.08 3.653 3.051 0.513 0.749 0.849 

 2. Ra= 106

N
mid max 1maxv 2maxv

maxlNu
maxrNu 1meltX 2meltX 3meltX

40 16.497 17.590 79.89 170.59 8.442 9.316 0.625 0.850 0.950 
80 15.235 16.125 74.49 165.69 8.066 7.860 0.624 0.849 0.937 

 3. Ra= 107

N
mid max 1maxv 2maxv

maxlNu
maxrNu 1meltX 2meltX 3meltX

40 39.336 43.581 187.76 632.46 18.177 34.887 0.700 0.900 1.000 
80 29.487 30.617 127.76 549.58 18.425 19.931 0.737 0.925 0.975 



-
 . . , . . , . . , . .

41

, . 4–8  Ra = 710
161 161 -

.
-

. -
55 10 -

:

1, ( , )
0 ( , )

u x t u
u

u x t u
.

 9 
.

 1 -
,

 2 

, , , -
 3 

.

 10 -
-

.  1 -

-
,  2 — .

-
,  Ra -

-
, ,

-
.

) )
. 1.  Ra = 105

) )
. 2.  Ra = 106



-
.  2 

42

) )
. 3.   Ra = 107

) )
. 4.  Ra = 107  t = 0.001 

) )
. 5.  Ra = 107  t = 0.005 



-
 . . , . . , . . , . .

43

) )
. 6.  Ra = 107  t = 0.009 

) )
. 7.  Ra = 107  t = 0.013 

) )
. 8.  Ra = 107  t = 0.017 



-
.  2 

44

. 9. 1 ( )meltX t , 2 ( )meltX t , 3 ( )meltX t  Ra = 107  161 161 

. 10.  |Nu|max  Ra = 107  161 161 



-
 . . , . . , . . , . .

45

1. Samarskii A.A., Vabishchevich P.N., Iliev .P. and Churbanov A.G, Numerical simulation of con-
vective/diffusion phase change problems - a review, Int. J. Heat Mass Transfer, Vol. 36, No. 17, pp. 
4095-4106, 1993. 

2. . ., . ., . ., . . -
 " , , ", ,

 No. 28, , 1993. 

3. . ., . . -
. // . 1987. . 23, No. 7. . 1127-1132. 

4. Ramachandran N., Gupta J.P. and Jaluria Y., Thermal and fluid flow effects during solidification in a 
rectangular enclosure, Int. J. Heat Mass Transfer 25, 187-194(1982). 

5. Lacroix M., Computation of heat transfer during melting of a pure substance from an isothermal wall, 
Numer. Heat Transfer, Part  15, 191-210(1989). 

6. Voller V.R., Cross M. and Markatos N.C., An enthalpy method for convection/diffusion phase 
change, Int. Numer. Methods Engng 24, 271-284(1987). 

7. Brent A.D., Voller V.R. and Reid K.J., Enthalpy-porosity technique for modeling convection-
diffusion phase change: application to the melting of a pure metal, Numer. Heat Transfer 13(3),  
297-318(1988). 

8. . ., , - ,
1991. 

9. . ., , , 1989. 

10. . ., . ., , , 1978.  

11. ., , , 1980. 



-
.  2 

46

–

. . , . . , . .

1.

-
-

 " , -
, ", 

[1]. 
-

. -

 [2]. 
-

,
, .

-
, ,  [3–9]. 

-
-

-
. -

-
.

 105  Ra  109

81  81. 

2.

-
-

.

1 2, ,0 1, 1.2x x x x x  — 

,
.

-
( )S t :

( ) , ,S t x x u x t u ,

u  — .

-
. ,

( ) , ,D t x x u x t u , ,

 — 
0D D .

.

- -
-
,

, -
-
-

:



. . , . . , . .

47

0, ,0v v grad v grad p div grad v geu x D t T
t

 (1) 

0, ,0div v x D t T , (2) 

2

1
( ) ( ) , ,0u uc u u u v grad u k u q x t T

t x x
, (3) 

21 ,v vv -
, p  — 

 ( ), 
g  — ,
u  — -

,  — ,
 — ,

 = (0, 1) — , -
, q  — -

,
 — - ,  — 

, ( )c u  — 
, ( )k u  — -

.

-
-

, -
.

,
D

:

( , ) 0, ,0v x t x D t T . (4) 

-
, -

:

1 2, , , 0 1, 1,2cu x t u const x x x x , (5) 

cu  — . ,

,

( ,0 ) 0,v x x D , (6) 

-

( ,0 ) 0,u x x . (7) 

,
( 0 )D .

,  (1–7) 
-

-
0t . -

-
 " ,

". -
,x t :

1 2
2 1

,v v
x x

, (8) 

 (2) 
. -

2 1

1 2

v vw
x x

. (9) 

-

1 2,q q q
( )V q , :

2

1
( )V q V q , (10) 

1 , 1.2
2

z zV q z q q z
x x

.

 (8–10) 
 (1) 



-
.  2 

48

-

22

2
1 1

0
Pr

qRaw w uV v w
t x x

,

,0x D t T

, -

q ,
5

q
g q lRa

k

Pr .

-
,

22

2
1 1

0
Pr
uRa Daw w uV v w

t x x
, (11) 

, -

3( )c
u

g u u lRa

2

( )c

qlDa
k u u

.

-
,

.

 (2) 

22

2
1

, ,0w x D t T
x

. (12) 

 (3) -

22

2
1

11 1 0
Pr

u uSte u u V v u
t x

, (13) 

,0x t T ,

-
Ste = cu u . -

l ,
2q l k ,

.

 (11–13) 
, -

 (4–7). 
 (4) 

, 0, ,0x t x D t T , (14) 

, 0, , 0x t x D t T
n

,  (15) 

n  — D .
 (6) 

,0 0,x x D . (16) 

-

1 2, 0, , 0 1, 1.2u x t x x x x . (17) 

-
.



. . , . . , . .

49

3.

(11–17) -
( )D t -

 [2]. -

-

-
.

.

 — , , ,w u  — 
, -

:

22

2
1 1

( ) 0
Pr
uRa Daw w uV v w c u

t x x
 (18) 

22

2
1

w
x

, (19) 

22

2
1

11 1 0
Pr

u uSte u V v u
t x

. (20) 

( )c u

2

0, ( )
( )

\ ( )

u ux D t
c u

x D t u u
.

 (18–20) 
:

, 0, ,0x t x t T , (21) 

, 0, ,0x t x t T
n

, (22) 

,0 0,x x , (23) 

1 2, 0, , 0 1, 1.2u x t x x x x , (24) 

,0 0,u x x . (25) 

 (18–25) 
 (11–17) D , . . , , , , 0x t x t x D t 0 .



-
.  2 

50

4.

h h h 1h

2h , . h , . .

1 2, , , 1,2, , 1, 1, 1,2h x x x x x i h i N N h , a h

.
-

 [10]. :

( ) ( ) ,x
w x h w xw

h

1,2 ,

( ) ( ) ,x

w x w x hw
h

( ) ( )1 , 1,2
2 2x x x

w x h w x hw w w
h

.

Hy , -
-

:
2

1
, , 1,2x xy y y y . (26) 

H -

1 2, ( ) ( )
hx

y z y x z x h h .

, H -
 [11], . .

0 .

-

1 2 1 2
2 1

, , ,w ww w w w w
x x

. (27) 

V v w V w . (28) 

-
,  w 

, 0V v w .

-
, .

 (10), (27), (28) 
-

:
2

1

( )V w V w ,

2 1 2
1

1 1
1
2 x x x x

V w w w ,(29)

1 2 1
2

2 2
1
2 x x x x

V w w w .

, 0V w , (30) 

. . H -
 V(w) V w V w .

 V(v) -

.



. . , . . , . .

51

 (18), (19) -
 [12] 

-

- -
:

1

2 ( ) ( )  ,
Pr
u

x
Ra Dad V w x c u u

dt
 (31) 

,0hx t T .

( )x

2

1
( )x x ,

4

0, ,
( ) 1,22 , , ,

h x l h
x

x h l h
h

.

-
, -

 (31) 

11 2  ,
Pr
u

x
Ra Dad A A u

dt
 (32) 

2
1 2, ( ) ( )A A V w x c u E . (33) 

 V(w) ( . (30)),  (33) 

1 1 0A A , 2 0A  w. 

 (20) -

11 , 1 0
Pr

duSte u V v u u
dt

, (34) 

, 0hx t T .

 (34) ,u
- , . . -
- ,u

1 ,
, 2

0, ,

u
u

u

 — 
- .

5.

-

0 :
, 0,1, , ,nt t t n n N N T
( )n ny y t .

 (31), (34) -
, -

V(w), V(v) — 
.

-
 ( -

).
-

1/ 2 1/ 2n nw

1

21/ 2
1/ 2 1( ) ( ) ( ) ,

Pr
n n u

n n n n n n x h
Ra DaV w x c u u x  (35) 

. . -

. -

 (35) -

1

1 / 2
1/ 2 1( ) ( ) ( ) ,

Pr
n n u

n n n n n n x h
w w Ra DaV w w x c u u x . (36) 



-
.  2 

52

:

1 1/ 2
1( ) ( ) 0n n

n n n nx c u V w . (37) 

,
-

(36), -

 (37). 

:

1
1 1

11 , 1 0,
Pr

n n
n n n n h

u uSte u V v u u x .

 (35–37) -
.

6.

-

510qRa
Pr 1

  41 41; 81 81; 161 161.
.

Ste = 0 
 Da = 50 -

1 2 40 ,80 ,160N N , -
.
.1 

81 81.
-

.

.

) )

. 1.  Raq = 105  Da=50 



. . , . . , . .

53

-
,

qRa , -
l . -

-
qRa  Da. , -

l
1/ 510

-

2 / 510 .
-

qRa
Da ( . . 1). 

,
-

, ,
.

Ste = 0  1Pr
 81  81. 

 1. 
 1 

qRa Da
105

106

107

108

50
125.5
312.5
769.2

. 2 
610Ra q -

.
,

510Ra q . -
-

 ( . .1), 
-

l  1.5 .

) )
. 2.  Raq = 106  Da=125.5 

. 3 -
-

 Raq = 107  Da = 312.5. -
-

:

,
-

.
,

, -
.

. 4 
 Raq = 108  Da = 769.2, 

-
.

-
, -

,
, ,  Raq = 108

, -

-
 (u* – uc),

.



-
.  2 

54

 108 -
, -

 Da = 5. -
 Raq  Da -

 2. 

 2. 
 2 

qRa Da
105

106

107

108

109

5
12.5

31.25
76.92
200.0

. 5 
 Raq = 105, -

-
,

. -
, ,

-
, -

 1. -
-

 (u* – uc)1

 Da = 5 ,  Da = 50. 

. 6 
 Raq = 106

 Da = 12.5. -
-

, , -
-

.
1

cuu ~1/Da

-
-

.
 Raq = 107 -

.7, -

. -
-

. -
 1 
.

 Raq = 108 -
 ( . 8). 

-
- -

.
 109

(Da = 200) 
 ( . . 9), -

.
-

,
-

. ,  2 
 (Raq = 105, 106)

( . . 5 . 6) 
,

 1, 
. ,

 Raq = 109,  1 

Raq = 108. -
-

.

) )

. 3.  Raq = 107  Da=312.5 



. . , . . , . .

55

) )
. 4.  Raq = 108  Da=769.2 

) )
. 5.  Raq = 105  Da=5 

) )
. 6.  Raq = 106  Da=12.5 



-
.  2 

56

) )
. 7.  Raq = 107  Da=31.25 

) )
. 8.  Raq = 108  Da=76.92 

) )
. 9.  Raq = 109  Da=200 



. . , . . , . .

57

1. . ., . ., . .. . . -
 " , , ", ,

 No. 28, , 1993. 

2. . ., , - , 1991 

3. . ., . ., . ., . .
- , ,  No. NSI-04-94,  

, 1994. 

4. Samarskii A.A., Vabishchevich P.N., Iliev .P. and Churbanov A.G, Numerical simulation of con-
vective/diffusion phase change problems – a review, Int. J. Heat Mass Transfer 36, No. 17, 4095-
4106(1993). 

5. . ., . . -
. // . 1987. . 23, No. 7. . 1127-1132. 

6. Ramachandran N. Gupta J.P. and Jaluria Y., Thermal and fluid flow effects during solidification in a rec-
tangular enclosure, Int. J. Heat Mass Transfer 25, 187-194(1982). 

7. Lacroix M., Computation of heat transfer during melting of a pure substance from an isothermal wall, 
Numer. Heat Transfer, Part  15, 191-210(1989). 

8. Voiler V.R., Cross M. and Markatos N.C., An enthalpy method for convection/diffusion phase change, 
Int. J. Numer. Methods Engng 24, 271-284(1987). 

9. Brent A.D., Voller V.R. and Reid K.J., Enthalpy-porosity technique for modeling convection-diffusion 
phase change: application to the melting of a pure metal, Numer. Heat Transfer 13(3), 297-318(1988). 

10. . ., , , 1989. 

11. . ., . ., , , 1978. 

12. ., , , 1980. 



-
.  2 

58

. . , . . , . .

1.

-
-
-

 " , ,
". -

-
.
-
-

, -
, .

-
-

,

.
-

 [1–5]. 
,

-
-

.

-
.

-
.

2.

-

.

, -
-

.

-
. -

, , -
, . . -

-

. -
.

1 2, ,0 1, 1.2x x x x x  — 

,
. -

- -

-
- .

1 2,v v v -
:

f
eff c

v Cv grad v grad p div grad v v v g u u
t K K

, (1) 

2 2
1 2v v v ,



 . . , . . , . .

59

p  — , eff  — 

, f  — -
, K  — -

, C  — 
,  — , g  — 

,  — -
, u  — -

, cu  — 
.  (1) -

0div v . (2) 

,
,

:

22

2
1

f eff
u uv grad u k
t x

, (3) 

fc  — -

, effk  — -
.

-

,

:

( , ) 0, , 0v x t x t T .  (4) 

-
, :

2 1
2

0, 0,1, 0 1u x x
x

. (5) 

, . .:

2 00, , ,u x t const

2 11, ,u x t const . (6) 

, -

0,0)0,(v xx , (7) 

-

x
l
xxu ,)0,( 101 .  (8) 

,  (1–8) -
, -

, -
0t . -

-
 " ,

".

, :

1) ,

,

 0.55 [6]; 

2) eff f .

,x t :

1 2
2 1

,v v
x x

, (9) 

 (2) -
.

2 1

1 2

v vw
x x

. (10) 

-
,

[7],[8] 

1 2,q q q
)(qV , :

2

1

( )V q V q , (11) 

1 , 1.2
2

z zV q z q q z
x x

.

 (9–11) 
(1)

-



-
.  2 

60

22

2
1 1

PrPr Pr 0w w C uV v w v w Ra
t x Da xDa

, (12) 

Ttx 0,

,  (1–8) 

3
h c f

f eff

g u u L c
Ra

k
,

Pr f f

eff

c
k

2

KDa
L

,

.
:

hu  — ,
L  — .

22

2
1

, , 0w x t T
x

.(13)

22

2
1

u uV v u
t x

, (14) 

, 0x t T .

-

1 0 1u .

 (12–14) 
, -

 (4–8). 
 (4) 

, 0, , 0x t x t T , (15) 

, 0, , 0x t x t T
n

,(16)

n  — . -
 (7) 

,0 0,x x . (17) 

, ,

2 20, , 1, 1, , 0u x t u x t . (18) 

 ( .
(5),(8)) .

3.

h h h 1h

2h , . h  — , . .

1 2, , , 1, 2, , 1, 1, 1.2h x x x x x i h i N N h , a h  — .

-
 [9]. :

( ) ( ) ,x
w x h w xw

h



 . . , . . , . .

61

1,2 ,

( ) ( ) ,x

w x w x hw
h

( ) ( )1 , 1.2
2 2x x x

w x h w x hw w w
h

.

y H ,
, :

2

1
, , 1.2x xy y y y  . (19) 

H -

1 2, ( ) ( )
hx

y z y x z x h h .

, H -
 [10], . .

0 .

-

1 2 1 2
2 1

, , ,w ww w w w w
x x

.  (20) 

V v w V w , (21) 

. . -

.
, -

 w 
, 0V v w .

-
, .

 (11), (20), (21) 
-

:
2

1

( )V w V w ,

          
2 1 2

1
1 1

1
2 x x x x

V w w w , (22) 

1 2 1
2

2 2
1
2 x x x x

V w w w .

, 0V w , (23) 

. . H
V(w) V w V w .

 V(v) -
-

.

 (12), (13) -
 [11] 

-
- -

:

1

2 PrPr ( ) Pr  ,x
d CV w v x Ra u
dt Da Da

 (24) 

, 0hx t T .

( )x



-
.  2 

62

2

1

( )x x ,

4

0, ,
( ) 1, 22 , , ,

h x l h
x

x h l h
h

.

, -
 (24) 

11 2 Pr  ,x
d A A Ra u
dt

 (25) 

2
1 2

PrPr , ( )CA v A V w x E
Da Da

. (26) 

 V(w) ( . (23)),  (26) 1 1 0A A ,

2 0A  w. 

1 2 1 1 2 2, , , 1, 2, , 1, 0,1, , , , 1, 2h x x x x x i h i N i N N h l . -

, h , -
H

1 2 2, ( ) ( )
hx

y z y x z x h x ,

2 2 2( )x h 2 20 x l

2 2 2( ) 0.5x h 2 0x 2 2x l .

-

1 2 , hy y y x , (27) 

2

2 2

2

2 2

2 2 2

2 2

2

2 ,
0,

, 0 ,
.2 ,

x

x x

x

y
h x

y y x l
x l

y
h

 (28) 

'
',  (27), 

(28), -
 [10] ( 0 ).

, -
 (14) 

           , , ,du V v u u v x t
dt

(29)

, 0hx t T .

, ,v x t
(29) -

 (18) -
,

.



 . . , . . , . .

63

4.

-
0 :

, 0,1, , ,nt t t n n N N T
( )n ny y t . -
 (24), (29) -

, -
 V(w), V(v) — 

.
-

 (
– ).

1/ 2 1/ 2n nw

1

21/ 2
1/ 2 1/ 2

1

PrPr

( ) Pr( ) ,

n n
n n n n

n n x h

CV w v
Da Da

x Ra u x
 (30) 

. . -

. -

 (30) -

1

1/ 2
1/ 2 1/ 2

1

PrPr

( ) Pr( ) ,

n n
n n n n

n n x h

w w CV w w v w
Da Da

x Ra u x .
 (31) 

:

0)( 1
2/11

nnn
nn Vx w .

 (32) 

,
-

(31), -

 (32). 

:

1
1 1 , , ,n n

n n n n n h
u u V v u u v x t x .

.

5.

Ra=105, 108, 1012 r=1 
 81  81. 

.
 Da=10-1,

10-4, 10-8, .

-
, -

-
, .

 1–6 -
,

:



-
.  2 

64

mid  — 
,

max  — ,
,

1maxv  — -
,

2maxv  — 
,

0Nu  — 
,

maxNu —
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.

. 1–3 

81 81  Ra  Da. 
-

, -
. ,

 Ra=105 -
,

,

.

 1. 

Ra Da mid max 1maxv max2v 0Nu maxNu minNu
105 10-1 8.989 9.254 30.29 63.44 4.4 7.999 0.632 
108 10-4 34.828 34.829 158.73 814.21 18.8 66.390 0.428 
1012 10-8 63.377 63.378 307.69 2189.48 28.9 84.479 0.405 

 3 

, -

 Ra = 1012, Da = 10-8.

-
-

.

q  ( ).

,
, -

. -

 2,  -

 4. 

 2. Ra=1012, Da = 10-8

mid max 1maxv max2v 0Nu maxNu minNu
.
.

63.377
65.858

63.378
65.858

307.69
307.59

2189.48
3192.69

28.9
36.4

84.479
163.768

0.405
0.181

. 3. -
 Ra = 105, Da = 10-1.

 3. Ra=105, Da=10-1, N = 80 

max minh h q mid max 1maxv max2v 0Nu maxNu minNu

l
3
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0.968 
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8.989 
8.954 
8.951 

9.254 
9.216 
9.218

30.29 
30.38 
30.57

63.44 
63.77 
64.00

4.40 
4.39 
4.39

7.999 
7.947 
7.929 

0.632 
0.633 
0.633

q mid max 1maxv max2v 0Nu maxNu minNu
161 0.999 8.946 9.211 30.10 63.63 4.39 7.936 0.633
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Da mid max max1v max2v 0Nu maxNu minNu
10-3 10.871 10.877 38.79 110.93 6.32 16.782 0.387 
10-2 15.055 15.248 55.18 179.22 8.08 18.237 0.652 
10-1 16.664 17.011 62.11 210.37 8.70 18.292 0.833 
[7] 16.870 17.170 66.93 221.79 8.88 17.996 0.971 

[12] 16.320 16.750 64.63 219.36 8.82 17.925 0.989 

 ( ) -

( ., , [5]). 
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mid max max1v max2v 0Nu maxNu minNu
0.0 

0.55 
2.0 

16.671 
15.055 
12.930 

17.044 
15.248 
12.961 

62.22 
55.18 
45.91

215.81 
179.22 
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) )
. 3.  Ra = 1012, Da = 10-8



 . . , . . , . .

67

) )
. 4.  Ra = 1012, Da = 10-8, q = 0.968 

) )
. 5.  Ra =105, Da =10-1, q = 0.942 

) )
. 6.  Ra =106, Da =10-2, q = 0.942 
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) )
. 7.  Ra = 107, Da =10-3, q = 0.942 

) )
. 8.  Ra = 106, Da =10-1, q = 0.942 

) )
. 9.  Ra =106, Da =10-3, q = 0.942 
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) )
. 10.  Ra =106, Da =10-2, q = 0.942, =0 

) )
. 11.  Ra =106, Da =10-2, q = 0.942, C=2 
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 2.  Nu(Os)  Os  200 
log Ra Nu = . Osn

up sd dn
n n n

8 2.036 0.475 2.436 0.391 5.568 0.079
9 1.460 0.602 1.754 0.505 4.449 0.162
10 1.013 0.731 1.352 0.593 3.479 0.246
11 0.757 0.836 1.045 0.671 2.769 0.322
12 0.708 0.864 0.860 0.735 2.341 0.373

 3.  Nu(Os)  Os > 200 
log Ra Nu = . Osn

up sd dn
n n n

8 20.590 0.038 16.880 0.041 7.323 0.016
9 28.123 0.059 21.194 0.064 7.684 0.047
10 38.154 0.079 28.271 0.076 13.079 0.009
11 44.709 0.116 28.442 0.127 14.618 0.041
12 36.069 0.194 25.197 0.192 17.048 0.063
       

 Nu(Os) 

 108  Ra  1012

 11–15. 

,
-

. ,
Ra < 1010 -

Os = 200,  Ra = 1011 -
 400,  Ra = 1012 — Os  500. 

. 11.  Nu = . Osn  Ra = 108
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. 12.  Nu = . Osn  Ra = 109

. 13.  Nu = .Osn  Ra = 1010
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. 14.  Nu = . Osn  Ra = 1011

. 15.  Nu = . Osn  Ra = 1012

 Nu =  Ran -
. -

 4 C
n

Nuup(Ra), Nusd(Ra), Nudn(Ra) -
,

,  Os= 1000,400  200. 
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 4.  Nu(Ra) 
Os Nu = . Ran

up sd dn
n n n

1000 0.800 0.193 0.990 0.170 0.587 0.140
400 1.544 0.155 1.920 0.130 0.921 0.117
200 2.665 0.121 3.120 0.090 1.693 0.086

 Nu(Ra) 
 16–18. -

,
 [3] -

 Os >> 104

. 16.  Nuup = . Ran, Bi=

. 17.  Nusd = . Ran, Bi=
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